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Plastic designThis paper presents a computationally efﬁcient method for truss layout optimization with stability con-
straints. Previously proposed approaches that ensure stability of optimal frameworks are ﬁrst reviewed,
showing that existing studies are generally restricted to topology optimization. The present contribution
aims to generalize the approach to simultaneous geometry and topology optimization. A lower-bound
plastic design formulation under multiple loading will serve as basis for this purpose. The numerical dif-
ﬁculties associated with geometrical variations are identiﬁed and the parametrization is adapted accord-
ingly. To avoid nodal instability, the nominal force method is adopted, which introduces artiﬁcial loading
cases to simulate the effect of geometric imperfections. Hence, the truss systems with unstable nodes are
eliminated from the set of optimal solutions. At the same time, the local stability of structural members is
ensured via a consistent local buckling criterion. This novel formulation leads to optimal conﬁgurations
that can be practically used for the preliminary design of structural frameworks. Four applications illus-
trate the impact of stability constraints on the solution. The importance of geometry optimization is also
pointed out by comparing with results that would be unattainable by topology optimization only.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Cost-effective structural frameworks can be achieved from
solutions obtained by truss layout optimization (Bendsøe and
Sigmund, 2003). This design method typically follows the ground
structure approach where the design domain is divided into a grid
of nodal points interconnected by tentative bars. Under some spec-
iﬁed boundary and external loading conditions, the optimization is
used to determine the best material distribution according to the
problem deﬁnition. For the stress-constrained minimum volume
problem, the most investigated approach is topology optimization
where both structural component sizes and system connectivity
are simultaneously optimized. Truss layout optimization also
comprises the search for the optimal nodal locations. In that case,
the overall problem is called truss geometry and topology
optimization.
Such an optimization process drives designs towards sparse and
slender structures, therefore making them sensitive to instabilities.
The consideration of stability issues is thus meaningful for practical
design and has aroused interest among researchers (Pedersen andNielsen, 2003). Structural stability theory is a vast ﬁeld of engineer-
ing covering static and dynamic response, creep, fracture and
damage-induced instability, to mention a few (Bazˇant, 2000). This
paper is particularly concerned with themethods applying for truss
layout optimization in a preliminary design stage, in view of
generalization to geometry optimization. Although the instability
of structural frameworks can be viewed as a combination of local
and global buckling, Tyas and co-authors (Tyas et al., 2006) have
put forward a more precise classiﬁcation in this context:
(a) Local instability of a member occurs when the compression
force exceeds its critical buckling load. Frequently, Euler’s
formula is considered, although it may overestimate the
actual buckling strength (Fig. 1(a));
(b) Nodal instability is basically related to the presence of mech-
anisms in compression chain due to the lack of bracing
members (Fig. 1(b)). By extension, the nodal instability
occurs when a static equilibrium state cannot be found
due to some perturbation in the loads applied on compres-
sion nodes, as in the common case of inverted hanging
chains in optimal geometries;
Nomenclature
as factor for the magnitude of nominal forces
b shape factor of cross sections
r vector of axial stresses
h matrix of direction cosines for the nominal forces
a vector of cross-sectional areas
C matrix of element assembly
f vector of external forces (of primary and nominal load-
ing cases)
l vector of element lengths
leff vector of effective lengths
P matrix of (non-)reduced system coordinate
qa vector of section densities
qt vector of force densities
t vector of axial forces
x vector of nodal coordinates
E set of elements connected to a degree of freedom
d dimension of Euclidean space
E Young’s modulus of material
e truss element
I second moment of inertia of cross sections
i degree of freedom
kc main loading case
ks nominal loading case
Nb number of truss elements
Nc number of primary loading cases
Nd number of degrees of freedom
Nn number of nodes
Nr number of support reactions
Ns number of nominal loading cases
S set of the axial stresses
s shape factor of cross sections including material
tcr critical buckling load
X set of nodal coordinates
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buckles as a whole due to insufﬁcient elastic stiffness
(Fig. 1(c)). Note that the global stability implies the nodal
stability. The inverse is not necessarily true.
These issues can be addressed in different ways but some prob-
lem deﬁnitions are irrelevant. Indeed, the solely consideration of
stress and local buckling constraints is meaningless for the ground
structure approach because the optimal topology may include
compression chains in unstable equilibrium and for which the
calculation of the local buckling strength is misled (Zhou, 1996;
Rozvany, 1996). Furthermore, replacing the compression chain by
a full-length element at the end of the optimization process leads
to suboptimal solutions. To solve this problem, Achtziger
(1999a,b)) has integrated a node cancellation procedure in the
optimization process via an equivalent formulation affordable by
mathematical programming.
A more general approach, capable of identifying nodal instabil-
ity in any kinds of truss system, has been reported in Ben-Tal et al.
(2000) and Kocˇvara (2002). In this method, linearized global stabil-
ity constraints are included in the minimum compliance formula-
tion so that the external loading remains below the critical
buckling capacity of the entire structure. A similar method has
been applied to the stress-constrained minimum volume problem(a) (b) (c)
Fig. 1. Different kinds of instabilities occurring in trusses: (a) local instability, (b)
nodal instability, and (c) global instability.with overlapping bars (Guo et al., 2005). For the multiple loading
case (Evgrafov, 2005) has shown that numerical singularities arise
and a relaxation method has been proposed accordingly. Note that
these constraints can be formulated via semideﬁnite programming
to reduce computational effort.
Alternatively, robust design optimization methods consider
uncertainty in the design parameters to closely resemble realistic
engineering design problems. This type of formulations can state
uncertainty in the magnitude and location of applied loads to en-
sure nodal stability (Ben-Tal and Nemirovski, 1997; Calaﬁore and
Dabbene, 2006). Other methods, e.g., those accounting for manu-
facturing defects such as geometric imperfection (Guest and Igusa,
2008; Jalapour et al., 2011) and material variability (Asadpoure
et al., 2011), produce stable structures as well. At the time of this
writing, the high computational expense related to these methods
suggest that applications are still limited to structures of moderate
size.
The nominal force method essentially shares similar goals with
robust design optimization methods, except that deterministic
loads are considered instead: the method adds to the primary load-
ing cases some small occasional perturbation loadings. One rele-
vant setting is that only nodes under compression are stabilized.
The underlying principle comes from Winter’s method (Winter,
1960), whose aim was to assess the magnitude of horizontal forces
required to stabilize the rigid bar model of multi-level columns
subject to geometric imperfection. The magnitude of these lateral
forces is scaled by the compression force in the column. This ap-
proach can be found in most current design codes (Eurocodes,
2005), and has been successfully adapted to truss topology optimi-
zation in order to stabilize compression chains (Tyas et al., 2006).
Although without absolute guarantee, the optimal solution may
also result in a globally stable system as a welcome side effect. This
conceptually simple, yet powerful approach clearly stands as the
best alternative to comply with geometry optimization.
Despite the considerable importance of combining geometry
and topology optimization (Pedersen, 1972), most studies on
ensuring stability of optimal frameworks focus on truss topology
optimization. The nonlinearity induced by geometrical variations
certainly complicates the implementation. Moreover, the optimal
geometry may include melting nodes, causing serious convergence
difﬁculties when dealing with mathematical programming (i.e.,
gradient-based) algorithms (Achtziger, 2006). Hence, classical
elastic design formulations must be recast to cover all numerical
deﬁciencies. The lower-bound plastic design formulation, as
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incorporate the nominal force method together with the local
buckling criterion.
The remainder of the paper is ordered as follows. Section 2 be-
gins with the basic problem statement for truss geometry and
topology optimization. The lower-bound plastic design formula-
tion is then derived and adapted for local and nodal stability con-
straints, leading to the main contribution of the paper: a novel
formulation for truss geometry and topology optimization incorpo-
rating stability considerations. In Section 3, several numerical
examples illustrate the applicability of the method. Finally, con-
cluding remarks are given in Section 4 along with future prospects
to improve the method.
2. Formulation
In the main section of the paper, we derive the lower-bound
plastic design formulation for incorporating stability consider-
ations into truss geometry and topology optimization. Prior to that,
let us introduce some basic notations for a pin-jointed structure of
Nn nodes interconnected by truss elements e 2 f1; . . . ;Nbg. By
denoting d 2 f2;3g the spatial dimension and Nr the number of
support reactions, the number of degrees of freedom is
Nd ¼ d  Nn  Nr . The vector of nodal coordinates is x 2 RdNn and
the vector of external forces is f 2 RNd , which excludes support
reactions. If several primary loading cases are considered, they
are identiﬁed by kc 2 f1; . . . ;Ncg. The length of each truss element
is denoted le 2 Rþ and ae 2 Rþ is the cross-sectional area. The
member force te 2 R is conveniently expressed by te ¼ tþe  te
where the two non-negative variables tþe 2 Rþ and te 2 Rþ are used
for tensile and compressive parts, respectively. This variable
change is commonly used in mathematical programming to avoid
dealing with non-differentiable absolute functions (Bendsøe and
Sigmund, 2003).
2.1. Lower-bound plastic design formulation
In contrast to elastic design, formulations in plastic design can
be efﬁciently treated by mathematical programming algorithms.
Unlike the single loading case, the optimal solution in the multiple
loading case is generally statically indeterminate. In that case, the
removal of compatibility conditions introduces a small error on
stress constraints (Kirsch, 1990). Still, the gains in terms of compu-
tational efforts – i.e., the removal of singularities – clearly justiﬁes
this assumption at early design stages (Gilbert and Tyas, 2003). For
this family of formulations, pioneering’s works in topology optimi-
zation (Dorn et al., 1964) have been generalized to geometry opti-
mization under single loading (Achtziger, 2007). This formulation
has been, in turn, formulated for the multiple loading case in Des-
camps and Filomeno Coelho (2013) and will be used as basis to
incorporate stability considerations.
Regarding the parametrization, truss geometry and topology
optimization consists of simultaneously optimizing the cross-sec-
tional areas and the positions of truss end-nodes. To ensure mean-
ingful solutions while allowing the removal of bars, we enforce
side constraints on cross-sectional areas as follows
a1; . . . ; ae; . . . ; aNb P 0: ð1Þ
Permissible geometries are deﬁned through the set X  RdNd which
can be chosen in various ways. For example, one may wish to en-
force all nodes to lie within a bounding box except from those coor-
dinates where support conditions are prescribed:
X :¼ fx 2 RdNn jxi 6 xi 6 xþi ; 8i ¼ 1; . . . ;Nd; ð2aÞ
xi ¼ xi; 8i ¼ Nd þ 1; . . . ;d  Nng: ð2bÞHere, xi 2 R and xþi 2 R are, respectively, the lower and upper
bounds of the i-th nodal coordinate while xi 2 R stands for the
support reactions.
For geometrical variations, Achtziger (2006) raises issues
related to the length function, calculated using the deﬁnition
le : X# Rþ; x#
1ﬃﬃﬃ
2
p kCexk2; 8e ¼ 1; . . . ;Nb; ð3Þ
where k  k2 denotes the Euclidean norm and Ce 2 RdNndNn is a sym-
metric positive semi-deﬁnite assembly matrix. It has been observed
that the optimal geometry often contains melting nodes. A close
inspection shows that the length function is not differentiable at
leðxÞ ¼ 0 for some bars e 2 f1; . . . ;Nbg, precisely when both truss
end-nodes merge. This phenomenon introduces discontinuity in
the formulation.
To overcome this bottleneck, the basic idea is to avoid the expli-
cit calculation of (3). This can be done by applying the following
substitutions (Descamps and Filomeno Coelho, 2013):
qa;e :¼
ae
le
2 Rþ; 8e ¼ 1; . . . ;Nb; ð4aÞ
qþt;e;kc :¼
tþe;kc
le
2 Rþ; 8e ¼ 1; . . . ;Nb; 8kc ¼ 1; . . . ;Nc; ð4bÞ
qt;e;kc :¼
te;kc
le
2 Rþ; 8e ¼ 1; . . . ;Nb; 8kc ¼ 1; . . . ;Nc: ð4cÞ
All these variables are related to an element and divided by their
length. The variable qa;e is called section density while q
þ
t;e;kc
and
qt;e;kc are the force densities for tension and compression,
respectively.
On this basis, the general formulation for the stress-based min-
imum volume problem under multiple loading reads (Descamps
and Filomeno Coelho, 2013):
min
qa ;q
þ
t;kc
;q
t;kc
;x
XNb
e¼1
qa;ex
>Cex ð5aÞ
s:t: :
XNb
e¼1
qþt;e;kc  qt;e;kc
 
PCex ¼ fkc ; ð5bÞ
qþt;e;kc
rþe;kc
þ q

t;e;kc
re;kc
6 qa;e; ð5cÞ
8e ¼ 1; . . . ;Nb; 8kc ¼ 1; . . . ;Nc; ð5dÞ
qa 2 RNbþ ; qþt;kc 2 R
Nbþ ; qt;kc 2 R
Nbþ ; x 2 X: ð5eÞ
Due to substitutions (((4a)–(4c)), the volume function (5a) is writ-
ten in terms of the square of the length function, differentiable
everywhere (Achtziger, 2007):
l2e : X # Rþ; x# l
2
e xð Þ :¼ x>Cex; 8e ¼ 1; . . . ;Nb: ð6Þ
In the static equilibrium constraints (5b), the matrix P 2 RNddNn
relates the system in non-reduced coordinates to the system in
reduced coordinates (Achtziger, 2007) (see also the Appendix A
for more details). The prescribed values rþe;kc and r

e;kc
are used to
impose stress constraints (5c) different in tension and compression,
respectively. For a ﬁxed geometry, this formulation maintains the
linear programming problem structure. Moreover, it also covers
the melting node effect when geometrical variations are considered.
In order to accommodate the inclusion of stability constraints in
the simplest possible form, it is convenient to express problem (5)
in terms of stresses rather than force densities:
rþe;kc :¼
qþt;e;kc
qa;e
2 Rþ; 8e ¼ 1; . . . ;Nb; 8kc ¼ 1; . . . ;Nc; ð7aÞ
re;kc :¼
qt;e;kc
qa;e
2 Rþ; 8e ¼ 1; . . . ;Nb; 8kc ¼ 1; . . . ;Nc; ð7bÞ
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tension and compression:
S :¼ rþkc 2 R
Nbþ j0 6 rþkc 6 rþkc ; kc ¼ 1; . . . ;Nc
n
; ð8aÞ
rkc 2 R
Nbþ j0 6 rkc 6 rkc ; kc ¼ 1; . . . ;Nc
o
: ð8bÞ
Thus, the alternative lower-bound plastic design formulation with
stress variables can be restated as a nonlinear equality-constrained
optimization problem of the form
min
qa ;r
þ
kc
;r
kc
;x
XNb
e¼1
qa;ex
>Cex ð9aÞ
s:t: :
XNb
e¼1
qa;e rþe;kc  re;kc
 
PCex ¼ fkc ; ð9bÞ
8kc ¼ 1; . . . ;Nc; ð9cÞ
qa 2 RNbþ ; rþk ;rk
  2 S; x 2 X: ð9dÞ
Solution of problem (9) leads to an optimal behavior of the truss
structure under the speciﬁed loads, but stability issues are not trea-
ted. An intuitive way to generate stable optimal designs is to con-
sider additional loading cases that, in most cases, increase the
redundancy of the truss system. Obviously, the reliability of this
strategy depends on the designer’s ability to correctly guess the
envelope of every possible loading scenarios. Furthermore, the dif-
ﬁculty of estimating a suitable magnitude for perturbation loads re-
mains. Hereafter, these issues will be addressed in a systematic
way. In Section 2.2, nodal instabilities are eliminated by imple-
menting a nominal force method. Then, Section 2.3 proposes a con-
sistent Euler buckling criterion for geometry and topology
optimization. In Section 2.4, both types of constraints are ﬁnally
incorporated in problem (9).
2.2. Nominal force method
The nominal force method has its origins in Winter’s method
(Winter, 1960) for the design of steel frameworks. The principle
behind the nominal force method is to determine the restraining
forces required to stabilize compression chains, Fig. 2(a). The
bracing elements must be sized to resist these lateral forces. Their
magnitude is proportional to the compressive loads in the chain, to
the degree of geometrical imperfection, and to the stiffness of
structural members. It turns out that the two ﬁrst factors are pre-
dominant over the latter (Yura, 1996). Hence, the magnitude of the
lateral force is taken as a small percentage as of the compressive
load in the column that depends on the degree of out-of-straight-
ness. Typically, a value as ¼ 0:02 is taken (Eurocodes, 2005).90°
(a)
90°
(b)
Fig. 2. The nominal lateral forces when (a) the Cartesian global axes coincide with
the main axes of the collinear chain or (b) in any direction.Tyas et al. (2006) adapted the concept to topology optimization
using the ground structure approach. They proposed to consider
the orientation of strut forces, which are projected in Cartesian
axes to generate the nominal forces. One of the major concerns
was how to interpret these nominal forces for a space truss in
which the orientation of truss members does not necessarily coin-
cide with Cartesian axes. Ideally, an inﬁnite number of loading
cases would be considered in all directions to capture the worst
case. As an approximation, Tyas et al. (2006) introduce six nominal
loading cases projected in either direction to the three Cartesian
axes. They correctly emphasized that when the compression chain
is not parallel to one of the Cartesian axes (Fig. 2(b)), taking the ori-
entation into account may decrease the magnitude of nominal
forces in a range from 0.5 to 1, i.e., it can vary up to 50%.
This aspect is especially important when the problem is ex-
tended to geometry optimization. Since the magnitude of the nom-
inal forces is rather subjective and differs among standard codes, a
conservative approach is chosen: every contribution of compres-
sion force acting on a speciﬁed node is considered regardless the
orientation of adjacent bars. Then, the method proposed hereafter
requires the designer to prescribe the orientations of nominal
forces according to the structural design problem. Deﬁning the
most critical orientations for the nominal forces is not particularly
difﬁcult, as illustrated in the numerical examples of Section 3.
Mathematically, the problem can be stated as follows. Let E i be
the set of elements ei 2 f1; . . . ;Nbg connecting the i-th degree of
freedom, the magnitude of the nominal force is taken to be propor-
tional to the sum of compressive forces over Ei. For each nominal
loading case ks 2 f1; . . . ;Nsg, the calculated force is then applied
on the ith degree of freedom in a direction speciﬁed by the de-
signer, whose values are collected in a matrix of direction cosines
hi;ks 2 ½1;1. For example, consider that the i-th degree of freedom
corresponds to the X-axis. If the nominal force of the ksth loading
case is applied in this direction, hi;ks ¼ 1; in the opposite direction,
hi;ks ¼ 1; in the perpendicular case, hi;ks ¼ 0. Gathering all these
forces in a vector of nominal forces fks leads to the new deﬁnition:
fks : R
Nbþ # R
N
d ; t
 # f i;ks t
ð Þ :¼ ashi;ks
X
ei2Ei
tei ;
8i ¼ 1; . . . ;Nd; 8ks ¼ 1; . . . ;Ns: ð10Þ
Using (10), these stability loading cases are introduced by means of
Ns additional systems of static equilibrium constraints:
XNb
e¼1
qa;e rþe;ks  re;ks
 
PCex ¼ fks ðtÞ; 8ks ¼ 1; . . . ;Ns: ð11Þ
In order to maintain the regularity of the formulation in presence of
melting nodes, it is necessary to deal with the vector of compression
forces t 2 RNb . Expressing this vector as te ¼ qa;ere le would rein-
troduce the undesirable length function in the formulation. To cir-
cumvent these problems, the internal force vector t is set as
auxiliary variables whose main purpose is to remove the length
function of the formulation. Then, the internal force should be taken
as the maximum of internal forces over all primary loading cases
kc ¼ 1; . . . ;Nc . This can be done in a smooth way by introducing
the following inequality constraints obtained from squaring (4c)
after having combined it with (7b):
te
 2P q2a;e re;kc
 2
x>Cex; 8e¼1; . . . ;Nb; 8kc ¼1; . . . ;Nc: ð12Þ
The introduction of constraints (11) and (12) into problem (9)
would ensure that the optimal solution is in static equilibrium with
respect to the primary loading cases while maintaining the nodal
stability for small perturbations on compression members. The
consideration of local instability only remains.
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The effect of local buckling considerably affects the optimal
truss design by discarding long and slender elements in compres-
sion, for short and tensile members instead. The local stability of
structural members can be ensured by applying the following
inequality constraints for primary and nominal loading cases:
te;kc 6 tcr;e; 8e ¼ 1; . . . ;Nb; 8kc ¼ 1; . . . ;Nc; ð13aÞ
te;ks 6 tcr;e; 8e ¼ 1; . . . ;Nb; 8ks ¼ 1; . . . ;Ns: ð13bÞ
For example, the critical load tcr;e can be calculated by Euler’s
formula
tcr;e :¼ p
2EeIe
l2eff;e
2 Rþ; 8e ¼ 1; . . . ;Nb; ð14Þ
where Ie 2 Rþ is the second moment of inertia, Ee 2 Rþ the Young’s
modulus of the material, and leff;e 2 Rþ is the effective buckling
length of the eth member (taken equal to the actual length of
the truss element for convenience). In order to express the critical
buckling load in terms of the design variable ae 2 Rþ; Ie can be
written as Ie ¼ bea2e with the invariant factor be 2 Rþ whose value
depends on the shape of the cross-section (Achtziger, 1999a). By
putting
se :¼ p2Eebe 2 Rþ; 8e ¼ 1; . . . ;Nb; ð15Þ
the local buckling constraints are rewritten as follows
te;kcx
>Cex 6 sea2e ; 8e ¼ 1; . . . ;Nb; 8kc ¼ 1; . . . ;Nc; ð16aÞ
te;ksx
>Cex 6 sea2e ; 8e ¼ 1; . . . ;Nb; 8ks ¼ 1; . . . ;Ns: ð16bÞ
For example, se ¼ pEe=4 for a circular cross-section and
se ¼ p2Ee=12 for a square cross-section. Although constraints (16)
are regular with respect to a;x; tð Þ, the parametrization must be
changed in order to be integrated into formulation (9). By applying
the substitutions (4a) and (7), and squaring both sides of the
inequality, the local buckling constraint is written in a continuous
form:
re;kc
 2
x>Cex 6 s2e q2a;e; 8e ¼ 1; . . . ;Nb; 8kc ¼ 1; . . . ;Nc; ð17aÞ
re;ks
 2
x>Cex 6 s2eq2a;e; 8e ¼ 1; . . . ;Nb; 8ks ¼ 1; . . . ;Ns: ð17bÞ
It should be noted that these constraints do not suffer from the
well-known local buckling singularity phenomenon arising in elas-
tic design formulations. This singularity divides the design domain
into degenerate subdomains and requires relaxation techniques
(Cheng, 1995; Guo et al., 2001).
2.4. Novel formulation including stability constraints
Introducing constraints (11), (12), and (17) in problem (9) yields
the novel formulation for truss geometry and topology optimiza-
tion incorporating local and nodal stability considerations:
min
qa ;r
þ
kc
;r
kc
;x
t ;rþ
ks
;r
ks
XNb
e¼1
qa;ex
>Cex ð18aÞ
s:t: :
XNb
e¼1
qa;e rþe;kc  re;kc
 
PCex ¼ fkc ; ð18bÞXNb
e¼1
qa;e rþe;ks  re;ks
 
PCex ¼ fks tð Þ; ð18cÞ
re;kc
 2
x>Cex 6 s2e q2a;e;8e ¼ 1; . . . ;Nb; ð18dÞ
re;ks
 2
x>Cex 6 s2e q2a;e;8e ¼ 1; . . . ;Nb; ð18eÞ
te
 2 P q2a;e re;kc
 2
x>Cex;8e ¼ 1; . . . ;Nb; ð18fÞ
8kc ¼ 1; . . . ;Nc;8ks ¼ 1; . . . ;Ns; ð18gÞ
qa 2 RNbþ ; rþk ;rk
  2 S;x 2 X; ð18hÞ
t 2 RNbþ ; rþks ;rks
n o
2 S: ð18iÞ
The melting node effect, the presence of mechanisms, the stress and
local buckling singularity do not cause numerical difﬁculties. Be-
sides, the simple mathematical structure simpliﬁes the calculation
of derivatives and avoids having to use adjoint methods (Choi and
Kim, 2005). Although these problems can be treated by any
standard solver for nonlinear programming, strong algorithmic
differences exist. Our numerical experiments have shown that
converting problem (18) by a barrier problem, which can then be
solved by an interior-point method using a sequential quadratic
programming model with trust regions (Waltz et al., 2006), exhibits
good performance.3. Applications
The following series of numerical examples illustrate the effects
of local and nodal stability considerations on the design of struc-
tural frameworks. In every case, limiting tensile and compressive
stresses are taken as unit. The shape of the cross-sections is circu-
lar (se ¼ p=4 with a unit Young’s modulus). The optimization prob-
lem is performed using the Knitro package (Waltz and Plantenga,
2010). The interior-point algorithm is based on a sequential qua-
dratic programming model with trust regions. The initial value
for the barrier parameter is set by default to 0.1. Analytical deriv-
atives are provided via sparse indexing and the Hessian-vector
product of the Lagrangian function is computed via ﬁnite-differ-
ence at each iteration. The optimization has been performed with
Matlab on a personal laptop, quad-core processor 2.67 GHz and
8GiB RAM.
All solutions obtained in the remainder are claimed to be locally
(but not necessarily globally) optimal. The prescription of the ini-
tial guesses for the optimization variables is problem-speciﬁc. In
the numerical experiments, we observe that the initial guesses of
fqa;rþkc ;rkc ; t;rþks ;rksg inﬂuence the number of iterations but not
the ﬁnal solution. By default, their initial values are all arbitrarily
set to 1. Contrariwise, the initial geometry and the bounds on nodal
coordinates determine the local optimum that will be found. Their
speciﬁc values are given in each example.
In Section 3.1, a simple example of an arch structure is used to
illustrate the effect of the magnitude and the orientation of nomi-
nal forces. In Section 3.2, a classical benchmark from the literature
emphasizes the impact of geometry optimization. Then, Section 3.3
is concerned with the design of a bracing system to reduce the vol-
ume of a column. Finally, a large-scale example demonstrates the
computational efﬁciency of the proposed method.
3.1. Simple arch
The ﬁrst example consists in the optimization of a two-dimen-
sional arch. The initial ground structure is a rectangular grid of
6 1 unit modules (Fig. 3(a)). The neighboring nodes are con-
nected by 31 truss members. The whole structure is pin-supported
at both extremities and is subject to downward unit loads, which
1 1 1 1 1 1
1
(a)
(b)
Fig. 3. Simple arch example: (a) initial ground structure (with active nodes in
empty circle) and (b) optimal solution without stability considerations,
V ¼ 20:533.
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along the vertical direction (to avoid trivial situation in which all
nodes go to supports) whereas the lower free nodes could shift
in both spatial directions within a bounding box of2 units around
their initial position.Fig. 4. Simple arch example: pattern of solutions obtained by increasing the magnitude o
by increasing the number of nominal loading cases Ns (solutions from the left to the rig
nominal loading cases are oriented every 45
	
; for Ns ¼ 16, the nominal loading cases arIn Fig. 3(b), the optimal solution without stability consider-
ations generates an inverted hanging model in unstable equilib-
rium. To strengthen the arch, stability considerations are
introduced. A parametric study has been performed to produce
the range of results depicted in Fig. 4. The magnitude factor as
and the number of nominal loading cases have been progressively
increased. Their orientation are speciﬁed in Table 1. All solutions
resemble a same structural typology of three-hinged arch. The ﬁrst
row of results (Fig. 4(a)–(c)) for a low intensity of nominal forces
as ¼ 0:02 exhibits slender arches with weak transversal strength.
Evidently, second and third rows show thicker conﬁgurations due
to the higher magnitude of nominal loads. One can also observe
that these truss systems are more redundant when the number
of nominal loading cases increases. When the optimal solution is
a determinate structure, the present plastic design formulation
leads to the same result than elastic design. When the optimal
solution is an indeterminate structure, the plastic design assump-
tion introduces an error (typically, a difference by 2 or 3% on the
optimal volume (Kirsch, 1990)). Moreover, the differences among
optimal volumes – for a given as – are not signiﬁcant, hence show-
ing that the use of some nominal loading cases is generally sufﬁ-
cient to obtain satisfying results. Note also that all results include
vanishing bars with melting nodes and are obtained in less than
one minute of process time.3.2. L-shaped frame
The second example has been previously addressed in Tyas et
al. (2006) and Kocˇvara (2002) using topology optimization. The
L-shaped design domain is discretized by 28 connected nodes, as
shown in Fig. 5(a). The four upper nodes are pin-supported. Two
unit loads are applied on the upper tip of the structure. Six nominalf the nominal forces via the coefﬁcient as (solutions from the top to the bottom) and
ht). For Ns ¼ 2, the nominal loading cases are oriented every 180
	
; for Ns ¼ 8, the
e oriented every 22:5
	
.
Table 1
Simple arch example: values of hi;ks for the nominal forces on every nodes along the
X- and Y-axes and for every nominal loading cases.
Ns ¼ 2 Ns ¼ 8 Ns ¼ 16
X Y X Y X Y
1.000 0.000 1.000 0.000 1.000 0.000
1.000 0.000 0.707 0.707 0.924 0.383
0.000 1.000 0.707 0.707
0.707 0.707 0.383 0.924
1.000 0.000 0.000 1.000
0.707 0.707 0.383 0.924
0.000 1.000 0.707 0.707
0.707 0.707 0.924 0.383
1.000 0.000
0.924 0.383
0.707 0.707
0.383 0.924
0.000 1.000
0.383 0.924
0.707 0.707
0.924 0.383
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Cartesian axes, and as ¼ 0:02.
For comparison purpose, topology optimization with nodal sta-
bility constraints has been performed. The result is depicted inFig. 5. L-shaped truss frame: (a) initial ground structure (with active nodes in
empty circle); (b) topology optimization with nodal stability; (c) geometry and
topology optimization without stability consideration; (d) geometry and topology
optimization with local and nodal stability.Fig. 5(b). In this particular case, it is possible to reformulate the
problem by linear programming that ensures the ﬁnding of the glo-
bal minimizer, as proposed in Tyas et al. (2006). The optimal vol-
ume V ¼ 71:510 is slightly higher than the value V ¼ 70:398
reported in Tyas et al. (2006). The difference can be explained by
the conservative deﬁnition for the magnitude of nominal lateral
forces, as discussed in Section 2.2.
Then, geometry and topology optimization has been performed.
The rightmost and lower nodes are deﬁned as active nodes. The
bounding box is set at 1 1 1 units around each nodal position.
Firstly, a fully stressed solution is obtained without stability con-
sideration (Fig. 5(c)). The ﬁnal structure is a combination of two
optimum trusses included in their respective plane, each one pos-
sessing a limited number of structural components. In Fig. 5(d), the
inclusion of local and nodal stability constraints increases the opti-
mal volume by 25.42%. The conﬁguration is no longer a combina-
tion of two independent systems. Instead, both movable frames
merge into a single one with melting nodes.3.3. Lateral bracing of Winter’s column
The third example is the design of a simple column under com-
pression. The goal is to reduce the buckling length by bracing the
system. Using Winter’s rigid bar model, the chain is subdivided
into 9 elements of unit length connecting 10 nodes. The node at
the bottom is pin-supported and the node on the top is blocked
in the horizontal plane only.
Obviously, the structure is stable for a unit force pulling on the
top. Inversely, the chain under compression is unstable and must
be encompassed in a three-dimensional framework. Therefore,
the ground structure is made of 30 adjacently connected nodes
based on an equilateral triangle of unit side, Fig. 6(a). These encom-
passing nodes are allowed to move in the set X deﬁned as 1 unit
around their respective initial position. The nodal stability is con-
sidered through six nominal loading cases; their nominal lateral
forces being oriented in either direction parallel to the three bisec-
tions of the triangle, and as ¼ 0:02.
In Fig. 6(b), the structure is ﬁrst optimized without local stabil-
ity constraint. Since the tensile and compressive stress constraintsFig. 6. Column simply loaded on the top: (a) initial ground structure (with active
nodes in empty circle); (b) structural optimization with nodal stability; (c)
structural optimization with local and nodal stability.
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three in order to save computational effort. The solution is sym-
metrical with respect to each bisection. It is surprising to observe
that the central chain vanishes at the beneﬁt of the bracing-only
members which actually serve a load-carrying purpose. The
phenomenon is explained by the fact that the structure must resist
transversally to the nominal load cases, hence forcing these
bracing members to be present. The theoretical optimum withoutFig. 7. Reticulated dome: (a) initial ground structure (with active nodes in empty
circle); (b) geometry and topology optimization without stability considerations;
(c) geometry and topology optimization with local and nodal stability.geometrical restrictions is one single load-bearing member of vol-
ume V ¼ 9. To reach this optimum as close as the constraints al-
low it, the optimization algorithm would spread nodes with
nominal forces on the supports since the other nodes on the col-
umn are ﬁxed by the problem deﬁnition.
If the local instabilities are also considered, the optimum design
signiﬁcantly changes, Fig. 6(c). The optimal solution is obtained
after 1032 s of process time. The solution is neither symmetric
with respect to each bisection nor evolving towards a single bar.
The load-bearing column becomes straight due to the higher cost
of structural members with active buckling constraints. Since
stresses are constant along the chain, the nominal lateral loading
is uniformly distributed. The addition of local buckling constraints
has increased the optimal volume about 40.47%. Even if this
optimal solution is by no means globally stable, the ﬁnal design
would clearly beneﬁt from this preliminary shape design. Indeed,
one can easily verify using (13) that the optimal volume of an
equivalent single full-length column would drastically increase
up to V ¼ 91:399.3.4. Large-scale reticulated dome
The ﬁnal example is the design of a reticulated dome. The initial
ground structure is included in a circular plate and contains 984
members and 337 nodes, as shown in Fig. 7(a). The angle between
two radial frames is 15
	
whereas the shift between two circles set
at one unit for a total radius of 14 units. The nodes at the outer
perimeter are blocked in every spatial direction. The remaining
nodes are subjected to downward unit loads. For this conﬁgura-
tion, geometry optimization is mandatory to reach an equilibrium
state. Hence, inner nodes can move upwards with no restriction on
the height. Four nominal loading cases are applied in either direc-
tion to the two main horizontal axes.
In Fig. 7(b), the optimization is carried out without restriction
on stability. The optimal solution consists in a series of fully
stressed arches intersecting at the top. With a constant spacing
among circles, it can be veriﬁed that the force density distribution
is also constant over each arch; a well-known property of inverted
hanging models (Descamps et al., 2011).
For the case where local and nodal stability constraints are con-
sidered (Fig. 7(c)), the overall optimization problem includes 8185
variables and 6633 nonlinear constraints. A local minimizer is
found after 312 s of process time. Although this is the largest prob-
lem, it is clear that the CPU time depends more on the problem
complexity (i.e., the number of local optima) than the actual size
of the structure. In the optimal solution, the circles and bracing
members are present and connect the arches together. The optimal
volume is almost twofold with an increase by 94.40% in compari-
son with no stability constraints.4. Conclusions
The main contribution of this paper is the development of a
truss geometry and topology optimization formulation including
local and nodal stability constraints. A brief review of the literature
has shown that a convenient approach to state the basic problem
of truss geometry and topology optimization relies on plastic de-
sign formulations. This has been reformulated to accommodate
stability constraints in the most efﬁcient way. The nominal force
method has been adapted for geometry optimization. In particular,
the melting node effect was covered using a vector of auxiliary
variables to calculate these nominal forces. The local buckling
criterion has been, in turn, reformulated to include geometrical
variables. The resulting strategy to ensure stability (a) braces nodes
connected to compression members, (b) permits the presence of
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ling constraints, (d) is computationally efﬁcient. A sparse inte-
rior-point method with sequential quadratic programming and
trust regions has been used to solve these large-scale optimization
problems.
Numerical examples have shown the practical applicability of
the proposed method for the preliminary design of structural
frameworks. In addition to the problem size, the computational ef-
fort also depends on the problem complexity (i.e., the number of
local optima). The relative inﬂuence of the intensity and the orien-
tation of nominal forces has been illustrated. In most cases, a few
number of nominal loading cases sufﬁces to generate robust de-
signs against nodal instability but the designer’s choice about their
orientation is a key issue. Although global elastic stability is not
considered, one can reasonably assume that the optimal solutions
are good candidates for the preliminary design, needing only slight
post-processing to satisfy standard requirements of structural de-
sign codes.
The proposed method is readily applicable and allows some
extensions. Since Euler’s criterion for the local stability overesti-
mates the buckling strength of structural members, other criteria
could be considered for more accuracy. Moreover, a systematic
way of setting the intensity of nominal forces could be more thor-
oughly investigated to closely represent geometric imperfections.
Finally, the determination of global stability constraints covering
the melting node effect would be a signiﬁcant contribution in the
ﬁeld.
Acknowledgments
This work is supported by the F.R.S. - FNRS . This support is
gratefully acknowledged. Thanks also to the anonymous reviewers
for their fruitful comments that greatly contribute to the quality of
the paper.
Appendix A
For the simple two-bar truss structure depicted in Fig. 8, the
assembly matrix for the ﬁrst element is written into the expanded
form asFig. 8. Notations for a simple two-bar truss assembly.CI ¼
1 0 1 0 0 0
0 1 0 1 0 0
1 0 1 0 0 0
0 1 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
2
666666664
3
777777775
ð19Þ
and for the second element we have
CII ¼
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 1 0
0 0 0 1 0 1
0 0 1 0 1 0
0 0 0 1 0 1
2
666666664
3
777777775
: ð20Þ
The matrix that relates the system in reduced coordinates and non-
reduced coordinates reads
P ¼
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
2
64
3
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